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Using ab initio density-functional perturbation theory the lattice dynamics of Cu2O has been extensively
studied. Discrepancies with older neutron-scattering results triggered a neutron-scattering investigation of our
own which confirmed the theoretical prediction. Based on the accurate description of the phonon dispersion the
vibrational part of the free energy was calculated as a function of lattice constant and temperature. The thermal
expansion could be obtained in good agreement with experiments. For T�300 K negative thermal expansion
�NTE� was observed while for higher temperatures normal thermal expansion was obtained. The origin of the
NTE is due to anomalous behavior of phonon modes with energies �20 meV which is highly mode and
wave-vector sensitive. Our calculations also showed that free energies based on the exact phonon dispersion
and those based on an Einstein-model description �widely used� differed by more than 20%, which clearly
indicates the importance of proper phonon-dispersion treatment for obtaining reliable thermodynamic data.
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I. INTRODUCTION

In recent years, an increased awareness of clean-energy
production has brought about a renewed interest in several
chemical reactions in relation to fuel-cell technologies,
where hydrogen is typically produced via partial oxidation
and steam reforming of hydrocarbons and methanol �see,
e.g., Refs. 1–6�. In relation to purification of the hydrogen-
fuel source, copper-based catalysts are known to be catalyti-
cally active for this significant step, namely, via the water-
gas shift reaction.7–9 In order to improve our understanding
of this important catalyst, we have recently conducted a
study10 of the interaction of oxygen with the Cu�111� surface
and find that for gas pressures and temperatures representa-
tive of technical catalysis, the thermodynamically favored
phase is that of the bulk oxide phase. We then further inves-
tigated the relative stability of various low-indexed Cu2O
surfaces as a function of the oxygen-chemical potential11 and
find two low-energy surfaces, namely, the Cu2O�111� surface
with a surface copper vacancy and the CuO-terminated
Cu2O�110� surface. Given that these two surfaces have al-
most “degenerate” surface energies �differing by less than a
few meV /Å2�, surface phononic effects could play a signifi-
cant role to distinguish their relative stability under condi-
tions representative of technical catalysis. Their influence on
the free energy was previously taken into account only in an
approximate way via the Einstein model.10,11 To accurately
assess the vibrational contribution to the free energy, state-
of-the-art ab initio density-functional perturbation theory can
be employed as a parameter-free approach to the calculation
of lattice dynamics. This affords the assessment of such con-
tributions without the need for further approximations.

Apart from its role in catalysis, Cu2O exhibits the unusual
physical property of negative thermal expansion �NTE�.12,13

It shares the same cuprite crystal structure with Ag2O and
both noble-metal oxides have been shown experimentally
to undergo a NTE of −8�10−6 K−1 for Cu2O and −20
�10−6 K−1 for Ag2O.14 Interestingly, a much smaller value
of −3�10−6 K−1 for Cu2O was reported by Barrera et al.13

highlighting the fact that it can be rather challenging to de-
termine such small NTE values with high accuracy. There-
fore, a first-principles study of this anomalous contraction of
the crystal lattice upon heating is highly desired. It should be
noted that with regard to the lattice dynamics of copper �I�
oxide, Cu2O, no ab initio study of this system has been re-
ported so far. The NTE has only recently been studied theo-
retically with interatomic potentials which however depend
on the quality of the experimental data used to determine
these potentials. A quantitative description of the NTE has
been possible, however, the turn to regular expansion around
300 K was not obtained.14

Thus in this work, we calculate the lattice dynamics of
bulk Cu2O from ab initio theory, offering a first step to un-
derstanding this anomalous contraction, as well as assessing
the vibrational contribution to the free energy of this mate-
rial. The results will be compared with inelastic neutron-
scattering data found in the literature. When we became
aware that most of the phonon branches calculated by theory
agree very well with experiment, whereas there was serious
disagreement for others, we suspected that some of the pub-
lished data might be in error. Therefore, we undertook an
inelastic neutron-scattering investigation of our own. Indeed,
we found that the disagreement was to blame on experiment
and not on theory. In addition, our measurements allowed us
to collect data for the high-energy phonon branches not stud-
ied previously.

The paper is organized as follows. Section II describes
details of the computational approach, followed by a brief
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outline of the neutron-scattering experiment in Sec. III. The
results are presented and discussed in Sec. IV and conclu-
sions are given in Sec. V.

II. COMPUTATIONAL APPROACHES

All calculations of the structure and the lattice dynamics
are performed in the framework of density-functional theory
with the mixed-basis pseudopotential method.15,16 The
linear-response technique has been used for obtaining the
vibrational modes.17 Pseudopotentials were constructed fol-
lowing the description of Vanderbilt,18 where the deep 3s and
3p semicore states of Cu were treated as valence electrons as
well as the oxygen 2s states. Inclusion of the Cu semicore
states substantially improved the agreement with all-electron
calculations performed with the DMol3 code,19,20 as well as
with reported full-potential linearized augmented plane-wave
�FLAPW� results.21

The mixed-basis scheme uses a combination of local
functions and plane waves for the representation of the va-
lence states.15,16 This allows for an efficient treatment of the
deep s, p, and d potentials of Cu and the s and p potentials of
O. Supplementary plane waves were taken into account up to
a kinetic energy of 33 Ry. For the exchange-correlation func-
tional, the generalized gradient approximation �GGA-PBE�
as given by Perdew, Becke, and Ernzerhof22 has been ap-
plied. Brillouin-zone �BZ� integrations were performed using
a simple cubic k-point mesh of Monkhorst-Pack type23 in
connection with the standard smearing technique employing
a Gaussian broadening of 0.02 eV. Sufficient convergence of
the ground state and the phonon calculations were achieved
with a 12�12�12 mesh corresponding to 56 k points in the
irreducible wedge of the BZ �IBZ�. Dynamical matrices were
calculated on a 4�4�4 mesh with ten points in the IBZ
from which phonon dispersions were obtained by standard
Fourier interpolation.24,25 Convergence has been checked
with respect to denser k- and q-point meshes. The all-
electron DMol3 calculations were carried out with wave func-
tions expanded in terms of a double-numerical quality-
localized basis set. A real-space cutoff of 10.35 Bohr for Cu
and 7.44 Bohr for O, and polarization functions and scalar-
relativistic corrections are incorporated explicitly. For
k-point sampling, a 12�12�12 Monkhorst-Pack grid was
also used, corresponding to 56 special k points in the IBZ.

III. EXPERIMENT

The neutron-scattering experiments were carried out on
the 1 T triple-axis-neutron spectrometer at the ORPHEE re-
actor at the Laboratoire Léon Brillouin, Saclay. The low-
energy and high-energy branches of the phonon dispersion
were studied with pyrolytic graphite �002� and Cu�220�, re-
spectively, as monochromator. Pyrolytic graphite �002� was
used as the analyzer in all cases. Both the monochromators
and the analyzer were doubly focusing to maximize the in-
tensity while maintaining a good energy and momentum res-
olution. The sample was a naturally grown single crystal of
volume 0.5 cm3 and a mosaic spread �0.2°. The results
were generally of excellent quality. In particular, the signal-

to-noise ratio was much higher than in the neutron study of
Beg and Shapiro.26

IV. RESULTS AND DISCUSSION

A. Cu2O: The cuprite structure

The cuprite structure is characterized by the space group

Pn3̄m.27 There are two formula units of Cu2O in this unit
cell �i.e., Cu4O2� with two inequivalent atoms: an O atom at
�0,0,0� and a Cu atom at �1/4,1/4,1/4�. Each Cu atom is lin-
early coordinated to two oxygen atoms and all oxygen atoms
are tetrahedrally surrounded by four Cu atoms. For this
work, the equilibrium structure is found by calculating the
self-consistent total energy for seven different lattice con-
stants with values varying from 4.19 to 4.41 Å. The final
optimal-lattice constant is found by fitting to a Murnaghan
equation of state. The optimized values are listed in Table I
where GGA-PBE results are given as obtained from pseudo-
potential and all-electron calculations with the mixed-basis
pseudopotential code and the DMol3 code, respectively, as
well as other reported theoretical and experimental values.
As can be seen the pseudopotential results are in very good
agreement with the all-electron calculations. Comparing with
the experimental results we see that the GGA overestimates
the lattice constant by only slightly over 1% and is in good
agreement for the bulk modulus. Our structural results are
similar to those given in Refs. 10 and 11. The slight overes-
timation of the lattice constant by GGA-PBE is in line with
analogous studies.

At this optimized lattice constant �4.30 Å�, we perform
calculations of the full phonon dispersion. Since we are deal-
ing with an insulator the nonanalytic contribution to the dy-
namical matrix in the limit q→0 has properly been taken
into account. The technical details can be found in Ref. 29.
This leads to a LO–TO splitting of 0.1 meV for the infrared
mode at 18.3 meV and of 2.5 meV at 75.5 meV in good
agreement with infrared data.30 The phonon-dispersion
branches along the �001�, �011�, and �111� directions are pre-
sented in Figs. 1–3. We have included the symmetry labeling
of the phonon modes. Details regarding the symmetry classes
of the cuprite structure can be found in Ref. 14, and refer-
ences therein. Analysis of the eigenvectors show that Cu-

TABLE I. Bulk properties of cuprous oxide, Cu2O. The lattice
constant a0 is listed in units of Å while the bulk modulus B0 is
given in GPa.

a0 B0

Present worka 4.30 112

Present workb 4.32 105

FLAPWc 4.30 108

Experimentd 4.27 112

aMixed-basis pseudopotential code.
bLocal-basis all-electron DMol3 code.
cFull-potential linearized augmented plane-wave results from Ref.
21.
dReference 28.
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dominated modes are responsible for the low-lying part of
the spectrum while modes above 60 meV are clearly oxygen
dominated.

We have included the experimental data obtained by in-
elastic neutron scattering in Figs. 1–3 for an easy comparison
with our calculations. It turned out that the data published by
Beg and Shapiro26 are quite accurate for most of the
branches which they investigated. However, the data for sev-
eral branches at energies around 20 meV were found to be
seriously in error. Our own measurements fully confirm the
behavior of these branches predicted by our calculations.
Therefore, the agreement between theory and experiment is
obviously very good for all the low-lying modes. We note
that the authors of the study using empirical interatomic
potentials14 did not realize that some of the published data
are in error: such models are too flexible to say with confi-
dence that some of the data look unrealistic. However, in
spite of the flexibility of the empirical potentials, the agree-
ment between calculated and experimental frequencies is
definitely poorer than in our work, especially for the low-
lying modes which are crucial for understanding such small

negative thermal expansion as seen in Cu2O. As for the high-
energy modes, our calculations predict the dispersion of the
phonon branches very well but underestimate all the frequen-
cies by about 3 meV. This might be related to the fact that
our GGA-PBE calculations overestimate the lattice constant.
We have also plotted the generalized phonon density of
states in Fig. 4 and again, good agreement with experiment14

is obtained.

B. Negative thermal expansion and free energy

To investigate how a compression/expansion of the lattice
could possibly affect the phonon dispersion of this material,
we select three lattice constants from the set of lattice con-
stants used in the structural optimization �see above�,
namely, the optimized value �4.30 Å�, as well as a compres-
sion �4.24 Å� and expansion �4.36 Å� of 1.5% from the
optimal value.

We present the phonon-dispersion relation of the com-
pressed structure in Fig. 5 and that of the expanded structure
in Fig. 6. The phonon dispersion of the optimized structure is
included in both figures for comparison. We find that upon
compressing the lattice, the high-lying modes respond by
shifting to higher frequencies, which supports our common
understanding of stiffening of modes upon compression.
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FIG. 3. Phonon dispersion along the �111� direction. For expla-
nation of the symbols see Fig. 1.
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FIG. 4. Generalized phonon density of states and partial contri-
butions. A broadening of 1 meV has been used.
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FIG. 1. Phonon dispersion of Cu2O along the �001� direction.
The modes have been classified according to symmetry. Lines rep-
resent theoretical results while crosses represent old neutron data
�Ref. 26� and open circles mark our neutron measurements. Squares
are data taken from Ref. 31.
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FIG. 2. Phonon dispersion along the �011� direction. For expla-
nation of the symbols see Fig. 1.
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However, several of the modes with frequencies smaller than
roughly 20 meV soften upon compression thus exhibiting a
negative-mode Grüneisen parameter. This anomalous behav-
ior is, however, highly mode and wave-vector sensitive. As
these low-lying modes are first excited at low temperatures,
they have a crucial impact on the thermal expansion at low T
and are responsible for the NTE seen in Cu2O.

In Fig. 7 we show the calculated Grüneisen parameter
��E� averaged over phonons of energy E. Comparing these
results with those obtained by model studies14 they are quali-
tatively similar however differ in detail. Especially the strong
positive contribution around 7 meV is due to the differences
in phonon spectra in the low-energy range. The high-energy
end also differs in magnitude which again is a consequence
of the different dispersion in the energy range 60–80 meV.
Our results for the phonon dispersion are in much better
agreement with the experimental data as the model-based
dispersion.

For a quantitative determination of the NTE we mini-
mized the free energy F�a ,T� as function of a for given
temperature T. The free energy F�a ,T� is calculated using

F�a,T� = ES�a� + Fvib�a,T� , �1�

where ES�a� is the static lattice energy and the vibrational
free energy Fvib�a ,T� �in quasiharmonic approximation� is
given by

Fvib�a,T� = kBT�
q�

ln�2 sinh
��q��a�

2kBT
� . �2�

In Fig. 8 we have plotted the free energy for the static
equilibrium lattice constant a0=4.30 Å in the temperature
range from 0 to 1000 K. For comparison also the free energy
based on the calculated �-point modes only is shown. This
corresponds to an Einstein model which is widely used to
estimate the phonon contribution to the free energy. Our cal-
culation, however, clearly demonstrates that this approxima-
tion easily introduces errors of 20% even for Cu2O, a system
with a fairly smooth phonon dispersion. Therefore, the Ein-
stein model would be an inappropriate approximation for
studying the NTE.
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FIG. 5. Phonon dispersion for different lattice constants. Full
lines a0=4.30 Å and dotted lines a=4.24 Å �compressed lattice�.
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FIG. 6. Phonon dispersion for different lattice constants. Full
lines a0=4.30 Å and dotted lines a=4.36 Å �expanded lattice�.
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1000 K for a0=4.30 Å. Full line represents the exact calculation
while the dashed line gives the Einstein-model result.

BOHNEN et al. PHYSICAL REVIEW B 80, 134304 �2009�

134304-4



To obtain the thermal expansion, we calculated ��q��a�
for five lattice constants ai in the range 4.24–4.36 Å. These
were used to evaluate F�ai ,T� via Eq. �1�, which was then
fitted for each T with a Murnaghan expression. The resulting
normalized variation in a�T� is given in Fig. 9. We clearly
see first a decrease up to roughly T=300 K followed by an
increase for larger T �the normal behavior�. Although the
effect is small in absolute numbers the theoretical curve fol-
lows closely the experimental one. This is in contrast to the
results obtained with model potentials where the normal
thermal-expansion behavior was not obtained.

V. CONCLUSION

Using modern ab initio methods the lattice dynamics of
Cu2O has been determined. Comparing with neutron mea-

surements which corrected some older data as well as ex-
tended the measurements to higher phonon frequencies good
agreement was obtained. Varying the lattice constant it was
found that certain modes showed anomalous behavior �soft-
ening with compression and stiffening with expansion�
which, however, is very mode and wave-vector dependent
and restricted to frequencies �20 meV. Thus it is very dif-
ficult to describe this behavior in detail with interatomic
model potentials.

Calculating the free energy as a function of lattice con-
stant as well as temperature, negative thermal expansion was
obtained up to roughly 300 K while for higher T normal
behavior was seen. The agreement with experiment is very
satisfactory. Although the ab initio calculation of thermody-
namic quantities is very involved and thus done only very
seldom for technologically important materials, the results
for such an important catalyst as Cu2O are very encouraging.
Our studies also emphasized the importance of proper treat-
ment of the full phonon dispersion in contrast to an Einstein
model description for the phonon spectrum for obtaining re-
liable free-energy values. Errors of more than 20% are easily
made. This is of great importance for studying phase stability
questions as a function of pressure and temperature, a prob-
lem often encountered in catalysis. This question will be ad-
dressed for Cu2O surfaces in detail in a forthcoming publi-
cation.
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